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1 Introduction 



Pionic hydrogen A np , a hydrogen-like mesoatom with the electron replaced by the tt~ 
meson, is a nice laboratory for the experimental investigation of strong low-energy inter- 
actions and the mechanisms of spontaneous breaking of chiral symmetry [HI2|- 

As has been found by Deser, Goldberger, Baumann and Thirring |3| (see also [I] [B] 
and the textbook by Ericson and Weise 0) due to strong low-energy interactions the 
energy level of the ground state of pionic hydrogen acquires the following shift and width 



~ (2aJ /2 + af ) + i ~ Q w0n (af - af ) 2 ] |* ls (0)p 



, .r ls 2tt 

= -/o" p (o)i^(o)i 2 . (i.i; 



This is the so-called DGBT formula, /q p (0) is the S-wave amplitude of low-energy n p 

scattering calculated at threshold, a and a are the S-wave scattering lengths of ttN 
scattering with isospin I = 1/2 and I = 3/2, Q n o n = 28.040 MeV is the relative momentum 



of the n°n pair at relative momentum zero of the n~p pair, and ^i s (0) = 1/ a/tht^ is the 
wave function of pionic hydrogen in the ground state at the origin r = . The imaginary 
part of the amplitude f£ p (0) in (jl.lj) is defined by the inelastic channel it" + p — > tt° + n. 
The DGBT formula (jl.ljl can be transcribed into an equivalent form [3] (see also 



^ = --{AY^ n fQ^ (1.2) 
hjis a B 

where E\ s = —alias = —a 2 fi/2 = — 3234.940 eV is the binding energy of the ground 
state of pionic hydrogen and 

Al^-v = i(2aJ /2 + af), 

= -af) (1.3) 

are the S-wave scattering lengths of n~p scattering. 

The theoretical accuracy of the DGBT formula with respect to next-to-leading order 
corrections caused by strong low-energy interactions has been recently analysed in |llj . 
As has been shown the second order correction to the shift of the energy level of the 
ground state relative to the first order makes up (0.111 ± 0.006) %. In turn, the deriva- 
tion of the energy level displacement of the ground state of pionic hydrogen, carried out 
within a quantum field theoretic, relativistic covariant and model-independent approach 
[TT] . leads to the non-perturbative correction of order of 1%. Hence, strong low-energy 

1 Here as = 1/a/i = 222.664 fm is the Bohr radius, where a = e 2 = 1/137.036 is the fine-structure 
constant and fx = m Tr ~m p /(m Tr - + m p ) = 121.497 MeV is the reduced mass of the n~p pair calculated 
for m,- = 139.570 MeV and m p = 938.272 MeV HDJ. 
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interactions cannot compete with contributions of QCD isospin-breaking and electro- 
magnetic interactions [12]. The predicted value of these corrections is 5 e = (—7.3 ±2.9)% 

Experimentally [TJ |2j the energy level displacement of the ground state (ei s , Ti s ) can 
be obtained by measuring the np — > Is transitions in pionic hydrogen for n = 2,3,4, 
where n is the principle quantum number of the bound np state of pionic hydrogen with 
the angular momentum I = 1. As a result, the energy level displacements (e np , T np ) of 
the excited np states turn out to be entangled into the definition of (e ls , T ls ). 

Within a potential model approach the shift of the energy level of the excited ns state 
of pionic hydrogen has been calculated by Trueman [3] and Ericson, Loiseau and Wycech 
[Hj, who have also given a systematic analysis of electromagnetic corrections, and of the 
excited nl state by Partensky and Ericson jS], Lambert [B] and Deloff [7j. 

The main aim of this paper is (i) to derive the general formula for the energy level 
displacement of the ni excited state of pionic hydrogen in terms of the partial-wave 
scattering lengths of ttN scattering within a quantum field theoretic, relativistic covariant 
and model-independent approach developed in (IT] (see also [HI), (ii) to give an analytical 
expression and a numerical value of the energy level displacement of the np excited state 
of pionic hydrogen, (iii) to calculate the second order correction to the shift of the energy 
level of the ground state of pionic hydrogen caused by the ns — > Is transitions and the 
(7r~p)coui - * Is transitions of the n~p pair, coupled by the attractive Coulomb field in 
the S-wave state with a continuous energy spectrum [T5] . and (iv) to compare our results 
with those obtained in [3] [H|. 

As has been shown in ^JJ (see also J3]) the energy level displacement of the ground 
state of pionic hydrogen can be represented in terms of the momentum integrals 

1 r d 3 k d 3 q I m n -m p / m n -m p 
4m n -m p J (2tt)3 (2tt)3 \J E n -(k)E p (k) ]/ E w -{q)E p {q) 

x^[Xk)M^-{q)p{-q,a p )^TT-{k)p{-k : a p ))^ ls {q) : (1.4) 

where M(n~(q )p{— q, a p ) — > 7i~(k)p(—k,a p )) is the amplitude of 7r~p scattering for arbi- 
trary relative momenta of the ir~p pair, 

K- = \/k 2 + m 2 n _ and E p (k) = ^[W + m p are 
the energies of the 7r~-meson and the proton, a p = ±1/2 is polatization of the proton, 
$i s (/c) is the wave function of the ground state of pionic hydrogen in the momentum 
representation normalized by 

/H I'M* >r = i. 

Near threshold the r.h.s. of (jl.4j) can be rewritten as follows 

. Tu 2n f d 3 k d?q I m~ln p / m^-nip 
-e ls + i— = j J (27r)3(27r)3 En -(k)E p (k) \J E n -(q)E p (q) 

x$L( £) ff P (Vkq) *utf), (1-6) 

2 It is likely that the correction obtained in is also included in that calculated by Gasser et al. ^21 
within Chiral Perturbation Theory (ChPT) ^21- The analysis of this question is in progress. 
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where we have set |T6J 



M(vr (<f )p(-q, a p ) -> 7T (k)p(-k,c p )) = 8tt (m T - + m p ) fij p {\/kq). (1.7) 

Due to the wave functions ${ s (fc) and $i s ((f) the integrand of the momentum integrals 
in (jl.4|) and ()1.6|) is concentrated around k ~ g ~ 1/ 'a# = 0.887 MeV. This justifies the 
application of the low-energy limit fc, g — > to the calcuation of the amplitude of 7r~p 
scattering [TT]. As a result the r.h.s. of (jl.6|) reduces to the form of the DGBT formula 
with an additional non-perturbative correction of order of 1%, caused by the smearing of 
the wave function of the ground state of pionic hydrogen around the origin [TT] . 

The paper is organized as follows. In Section 2 we construct the wave function of 
the excited nl state of pionic hydrogen following the prescription developed in [TT]. In 
Sections 3 and 4 following [11] we calculate the shift and the width of the energy level 
of the excited nl state of pionic hydrogen within a quantum field theoretic, relativistic 
covariant and model-independent approach developed in [TT]. In Section 5 we calculate 
analytically and give numerical estimate of the energy level displacement of the excited np 
state of pionic hydrogen. The shift of the energy level of the np state is found in analytical 
and numerical agreement with the result obtained by Ericson and Weise within a potential 
model approach [H]. In Section 6 we calculate the contribution of the ns — > Is transitions 
and the (n~p)cou\ — ► Is transitions of the n~p pair, coupled by the attractive Coulomb 
field in the S-wave state with a continuous energy spectrum, to the shift of the energy 
level of the ground state of pionic hydrogen induced by strong low-energy interactions. 
We find that this contribution relative to the DGBT shift makes up 0.076 %. In the 
Conclusion we discuss the obtained results. In the Appendix we calculate the momentum 
integral defining the energy level displacement of the np state of pionic hydrogen. 

2 Wave function of n£ state of pionic hydrogen 

The wave function of pionic hydrogen in the Is state has been defined as PJJ 



2E ( A ls \k 7T - + k p ) $is(K-)\7r-(k w -)p(k p , a p )), (2.1) 



where E A (P) = y M A + P 2 and P are the total energy and the momentum of pionic 
hydrogen, M A ls ^ = m p + m n - + E\ s is the mass of pionic hydrogen in the Is bound state, 
o p = ±1/2 is the proton polarization; ^u(k^-) is the wave function of the Is state of 
pionic hydrogen in the momentum representation. It is normalized to unity (jl.5|) . The 
wave function \n~ (k n -)p(k p , a p )) we define as [TT] 



TT 



-(k n -)p(k p ,a p )) =cl4K-)al(k p ,a p )\0), (2.2) 



where cr._ (k w -) and ap(k p , a p ) are creation operators of the n meson with momentum k n - 
and the proton with momentum k p and polarization a p = ±1/2. They satisfy standard 
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relativistic covariant commutation and anti-commutation relations 

[c 7r -{k , 7V -),ci_{K-)\ = (27r) 3 2K-(4-)5 (3) (^- 

[c.- ft-), (4-)] = [cUk' n .),cl(K-)} = 0, 

{a p (k' p , a' p ), al(k p , a p )} = (2vr) 3 2E p fy 6®(k' p - k p ) 5^, 

{a p (k' p ,a' p ),a p (k p ,a p )} = {al(k' p , a' p ), a\{k p , a p )} = 0. (2.3) 

The wave function (|2.1j) is normalized by 

(A^{P',°' P )\A^{P,a p )) = (2,) 3 24 ls) (P)^(P'-P)5, w . (2.4) 

This is a relativistic covariant normalization of the wave function. The wave function (|2.1j) 
has been applied to the derivation of the energy level displacement of the ground state 
of pionic hydrogen within a quantum field theoretic, relativistic covariant and model- 
independent approach [TTj . 

In analogy with the Is state we define the wave function of the n£ excited state of 
pionic hydrogen 



2E„-(k n -)j2E p ~(k p 



2E ( f\k n - + k p ) ® n em(h-)W~(K-)p(k p ,a p )), (2.5) 

where E { f\P) = \J M { f )2 + P 2 and P are the total energy and the momentum of pionic 

hydrogen, = m p + m^- + E nf and E ni are the mass and the binding energy of pionic 

hydrogen in the n£ bound state. ^ n £m(k) is the wave function of the excited n£ state in 
the momentum representation, where n is the principle quantum number, I is the angular 
momentum I — 0, 1, . . . , n— 1 and m is the magnetic quantum number m = 0, ±1, . . . , ±£. 

The wave function of pionic hydrogen in the coordinate representation ^ n e m (f ) is 
equal to jTTj 

^ne m (r ) = R n e(r) Y^tf, yj) = 

where L^l(p) are the generalized Laguerre polynomials defined by [T7] 

L 2£+1 (o) = (-l) 2e+1 ( n + £ ) ! q-W+VpP — 1 1 (n n+e e ~P) (2 7) 

and Y^ m {d,(p) are spherical harmonics normalized by 

d&lY; lm ,{$,<p)Y lm (ti,tp) = 6 t , t 6 m , m , (2.8) 
where dVL = sm.'dd'ddtp is a solid angle. 
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In the momentum representation the wave function <f> n e m (k) of pionic hydrogen is 
determined as 

®nem(k ) = J d 3 x y n£m (r) e ' r = J drr 2 R nl (r) 

. oo V 

^ l'=0m'=-f 

poo 

= (-^r, m (%^)4vr / ^(Ar)i^(r)r 2 dr=(-i) / Vi^^(A;)y An (i? jE ,^), (2.9) 



where ji(kr) are spherical Bessel functions fTU] . ifmC^fcj and Q n e.{k) are spherical 
harmonics and radial wave functions in momentum space. The radial wave functions 
<& n e(k) are defined as 



®ne(k) = V4vr / j e (kr)Rru(rydr. (2.10) 
Jo 

Now we are able to proceed to calculating the energy level displacement of the excited ni 
state of pionic hydrogen. 

3 Shift of energy level of excited ni state 

The shift of the energy level e n i of the excited ni state of pionic we define as [TT] 

em = -— Lt^T E (^ W) (0,^)|£ str (0)i4^(0,a p )) ) (3.1) 

where £ stT (x) is an effective total Lagrangian of strong low-energy interactions. For the 
quantum field theoretic and model-independent calculation of the shift of the energy level 
of the ni state of pionic hydrogen we will not specify £ stT (x) in terms of interpolating 
fields of the coupled mesons and baryons. We would like to emphasize that C s t T (x) is 
a total effective Lagrangian accounting for all strong low-energy interactions. In other 
words this effective Lagrangian defines the T str -matrix of strong low-energy interactions 

(3 ' 2) 

obeying the unitary condition ^Hl OH! 

T s tr — Tg tr = iTg tr T str . (3-3) 

This means that the matrix element of the effective Lagrangian £ str (0) between the states 
\n~p) defines a physical amplitude of n~p scattering [TT] 

(7r-p\C stI (0)\7r-p) = i (2T 1 / 2 + T 3 / 2 ) (3.4) 

where T 1//2 and T 3 / 2 are the amplitudes of ttN scattering with isotopic spin 7=1/2 and 
1 = 3/2, respectively. 
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According to ^T] the shift of the energy level of the n£ state, expressed in terms of 
the matrix element of the effective Lagrangian £ str (0), reads 



2£ + 



1 i 

— y 
+1 ^ 



m=—£ 



d 3 k 



(27T) 



d 3 q 



2E n -(k)2E p (k) J y/™*-(q)2E p (q) 



x(tt (k)p(-k,a p )\C stI (0)\TT (q)p(-q, a p )) 
It is convenient to redefine the r.h.s. of (|3.5j) as follows 

d 3 k <5>[ e {k) f d 3 q 



(3.5) 



2£ + 



-E 
+ i ^ 



m=—i 



(27r) 3 v /2E 7T -(k)2E p (k)J (2tt) 3 ^E*- (q)2E p (q) 



,/(> " <J( ' k YLi^n) (7r-(^)p(-^a p )|At r (0)|7r-(gX-g )( 7 p )>y, m (^^). (3.6) 



4tt V47T 

Since there is no spin-flip in the low-energy transition 7r~ + p — > 7r~ +p the amplitude of 
7r~p scattering is determined by [20J |2T] 



(7r-(fcM-^a p )|£ str (0)|7r-(g>(-g,a p )) = 87rv^^[(£' + l)/,, + (v^)+£7, 



*?)] 



e'=o 



An 



xM C o S ^=8n v r s ^[(£'+l)fMVk~q)+£'fi'-(Vk~q)] E ^7^/'m'(^) 

f'=0 m'=-V 

*Y t , m ,{ti % ,<p % ), (3.7) 



where -y/i is the total energy in the s-channel of ir~p scattering, P£/(cos$) are Legendre 
polynomials ^Hj and •& is the angle between the relative momenta k and q. The amplitudes 
fi'+iVkq) and f£/_(y/kq) describe 7r~p scattering in the states with a total momentum 
J = £' + 1/2 and J = V - 1/2. They are defined by the phase shifts |H1 HQ 



fi'+iVkq) = - 



+i5 £/+ (yfkq) 



kq 



e +ide'-(Vkq) 
kq 



sin5//_ 



sin^/_ 



kq), 
kq). 



(3i 



Near threshold fc, g — > the amplitudes fe> + (y/kq) and fei-(y/kq) are defined by the 
£'-wave scattering lengths of 7r~p scattering 



fv+(\fkq) 
fe'-(Vkq) 



(kq)' 



7T p—>7T P 



(3.9) 



Substituting ()3.7j) and ()3.9|) in (|3.6j) and integrating over the solid angles we get the shift 
of the energy level of the excited n£ state 



2tt (£ + l)a 



7T p — >7T p 

1+ 



+ £a 



7T p — >7T p 



2£ + 1 



d 3 k 



[2v) 3 V E n -(k)E p {k) 



k e $nt(k) 



(3.10) 



This is a generalization of the DGBT formula to any excited n£ state of pionic hydrogen. 

The £-wave scattering lengths aj ± p ^ n p are related to the £-wave scattering lengths 
a\± for / = 1/2 and / = 3/2 as 

For the ground state n = 1 and £ = the expression ()3.1()|) with (j3.11|) reduces to the 
DGBT formula (JUTJ) [TT]. 



4 Width of energy level of excited nl state 

According to [TT] the width T n £ of the energy level of the excited n£ state is defined by 



r 



1 



d3k ®li m $) f d 3 q $ ntol (g) 



x 

A„=±l/2 ' 



£ / wJwg 21 5 ( « + EM - m '- - m * + E "' ] 

n — it 1 / £ 

x(n-(k)p(-k,a)\£ stT (0)\7r°(Q)n(-Q, X n ))(n(-Q, \ n )TT° (Q)\C Btl (0)K (q)p(-q, a)) ■ 

(4.i; 

For the subsequent calculation it is convenient to rewrite the r.h.s. of flSJ as follows 

1 i " r d 3 k $j e (k) f d 3 q $ n ,(g) 
16vr 2£ + 1 7 (2tt)3 ^ En -{k)E p {k) J (2vr)3 ^-( g )E p (g) 

/"CO d Q q2 



m=-£ 
poo j/n /o2 

X 

A„=±l/2 



X J TAJ 7i YL{ ^ n) ^(^M-^ ff )l^t r (0)|7r°(Q)n(-Q,A n )) 

x (n(-Q, A n )7r°(g)|Atr(0)|7r-(g)p(-g, a)) Y« m (% p f ). (4.2; 
The matrix element {n~(k )p(— k, a)\C stT (0)\7r°(Q)n(— Q, A n )) we define as 

oo 

(Tr-(k)p(-k, a)\C stT (0)\^ (QH-Q, A„)) = Stt v^^[(r + 1) fMVkQ) 



£'=0 



fei4v^))Pticos$) = 8n^sJ2W' + 1 )ft'+(VkQ)+e'fi>-(VkQ)] 



£'=0 



47T 



x E 277Tii7v(^^) y ''»'(*^j). ( 4 - 3 ) 

m'=-£' 

Near threshold the amplitudes fgf + (\/kQ) and fv-{y/kQ) are defined by the £'-wave 
scattering lengths of the 7r~p — ► 7r°n scattering [21] 

ff+iVW) = a v ^° n {kQY\ 

ff-(Vkq) = air^ n {kQ) V . (4.4) 
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The £'-wave scattering lengths Q>g/J? £1X6 related to the £'-wave scattering lengths 
a\, ± for 1 = 1/2 and / = 3/2 as 



7T p— *TT"Tl 



dp i 



°~ V% , 3/2 1/2- 



l°£'± a v±)- 



(4.5) 



Substituting ()4.3|) and ()4.4|) in ()4.2j) and integrating over the solid angles and the phase 
volume we arrive at the expression 



4vr 

1 — 



// 

X 



(£+l)aJ~ p ^ n + £aJl p ^ n 



d 3 k 



2£ + l 



Q 



21+1 



(2n) 3 ^E„-{k)E p {k) 
where Q n £ is a relative momentum of the 7r°n pair 



Q 



nC 



2 m^o m n 
m^o + m n 



{m n - +m p — m n o -m n + E n 



(4.6) 



(4.7) 



where m^o = 134.977 MeV and m n = 939.565 MeV [Ej. 

This is a generalization of the DGBT formula to any excited n£ state of pionic hydro- 
gen. For the ground state n = 1 and £ = we arrive at the DGBT formula (jl.lj) . 



5 Energy level displacement of excited n£> state 

The analysis of experimental data obtained by the PSI Collaboration demands the knowl- 
edge of the energy level displacements of the excited np states. For £ = 1 from the formulas 
(I3~TU|) and gSJ) one gets 



-np 



~l(2a* P f** p + a P _ p ^ p ) 



2tt 1 
fi 3 

2tt 1 
~9~ Jl 



d 3 k 



2(2aj£ + a£) + (2t#+ + a*' 



1/2 



3/2 3/2 n 



E n ~(k)E p (k) 
d 3 k 



k$ np {k) 



(2tt) 3 V E w -(k)E p (k) 



k<5> np {k) 



np 



4VT Qnp / ir~p— >7r°n 



+ a 



7T p^7T U n\2 



(2tt) s 



8tt q 3 



lip 



$1 At 



(2a J? + a 3 ^) - (2a£ + a 



1/2 1^ 



E % -(k)E p (k) 
d 3 k 



k$np{k) 



(2vr) 3 V E n -(k)E p {k) 



k^ n p(k) 



(5.1) 



where ap + and CJj? 9X6 the P-wave scattering lengths of 7riV scattering with isospin / 

and total momentum J = 3/2 and J = 1/2, respectively, |2TH I2T]. 

The integral over is calculated in the Appendix. The result reads 



d 3 k 



m w -m r 



irn°a 



5^5 • 



(5.2) 



Substituting (J5.2)) in (J5.1|) we obtain the shift and the width of the energy level of the 
excited np state. They read 



-np 



np 



9 n s 



n- 



p 



4 r 



l/2> 



3/2 3/2 



a. 



8 a 5 / 1 



81 n* 



n- 



p 



(2a 



3/2 3/2 s 
P+ "T U P-l 



(2a 



p+ + a p-, 



1 2 



X 



2 m ff o m n 



(m^- + m p — m n o — m n + E, 



1 3/2 



(5.3) 



The shift and the width of the energy level of the np excited state ()5.3|) can be rewritten 
in the equivalent form 



-np 



E. 



up 



n 



rr 



A 7T p— +7T p 
^P 



r 



/ ,l7r p^7r°n\2 



rip 



E, 



np 



n V rr 



Q 



npi 



(5.4) 



where E np = —ajlasn 2 is the binding energy of the excited np state and 



A TV p— >7T p 

Zip 



/i 7T p— »7T u n 



1 



[2(2ap / ' + ap / ^) + (2ap / + + ap / !)] 



1/2 



3/2 3/2 s 



9 
9 



[(2a 



3/2 3/2 x 
P+ ' u P-> 



(2aJJ + a£)] 



1/2 x 



(5.5) 



are the P-wave scattering lengths of 7r~p scattering 0. The ratio e np /E np in ()5.4|) is in 
analytical agreement with the result obtained by Ericson and Weise (see |H] Eq.(6.29)). 

In order to estimate the values of the shift and width of the excited np state we use 
the experimental data on the P-wave scattering lengths compiled in Table 5.3 of Ref. [21] 
(Holder 78, input: Karlsruhe-Helsinki analysis 78): 



1/2 



3/2 



;-0.082± 0.002) rrf 
;-0.044± 0.001) ml 



i 1/2 
L p+ 



/ 1/2 l/2x . / n 3/2 3/2x 

2(2ap + + a p _) + (2a p ' + + a P _, 



(2a 



3/2 
P+ 



3/2 n 



- (2a 



1/2 
P+ 



1/2 v 



-0.032 ± 0.001) rrrl, 
a 3 /l = (+0.215 ± 0.003) ttT 3 , 
(0.094 ± 0.008) m; 3 , 
(0.532 ±0.007) m; 3 . 



(5.6) 



This yields 



-np 



np 



1 - 



x (3.47 ±0.30) x 10~ 5 eV, 

-Ar fl - -V) x ( 3 - 71 ± °- 10 ) x 10 ~ 7 eV - 

r \ n l / 



(5.7) 



Thus, the values of the energy level displacements of the excited np states of pionic 
hydrogen are much smaller than 10~ 5 eV 3 .The experimental value of the energy level 



3 For pionium, the bound ix ir + state, the shift of the energy level of the np state has been recently 
calculated by Julia Schweizer [22] within Chiral Perturbation Theory [T3|. 
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displacement of the ground state of pionic hydrogen is equal to [2] 

e £P = - 7.108 ± 0.036 eV, 

= 0.868 ± 0.054 eV. (5.8) 

with an accuracy about 0.5% and 6.2% for the shift and the width, respectively. 

The level of accuracy in a new set of experiments is about 0.2 %, i.e. (A^ t = 
±0.014 eV), for the energy level shift and 1%, i.e. (A^ th = ±0.009 eV), for the energy 
level width [JJ. Hence, according to (|5.7jl the contributions of the energy level displace- 
ments of the excited np states to the transitions np — > Is with n = 2, 3, 4 can be neglected, 
since |A£gJ > \e np \ and |A^ th | > T np . 



6 Energy shift of ground state caused by (tt p) 

n~p)i s and (7r"_p) Co ui {n~p)is transitions 



n s 



In this section we calculate the shift of the energy level of the ground state of pionic 
hydrogen 5ei s caused by the (ir~p) ns — > (n~p)i s and (vr~p)c ou i — > {^~p)is transitions 
induced by strong low-energy interactions, where (ir~p) ns is a bound ns state of the n~p 
pair and (vr~p) Cou i is the n~p pair, coupled by the attractive Coulomb field in the S-state 
with a continuous energy spectrum [T^j. According to [TT] the correction 8e\ a reads 

^ = ~~2M^ 2" / ^(4i s) (^^)iT(>C s t r (x)£ str (0))|4^(P,a p )}| p=o . (6.1) 

First, we consider the contribution of the discrete spectrum. For this aim we use a unit 
operator which we define as 

00 n-l 1 , 3 „ 

u E EE E 7s» / ^Li^.'-ikCWa)!. (6.2) 



a p =±l/2 n=l £=0 m=-£ 



Following [TT] and using a unit operator (|6.2|) for the description of the intermediate states 
in (|6.1|) . and integrating over angular degrees of freedom we get 

d 3 k $* u (k) f d 3 Q $ ls (Q) 



U J (2vr) 3 ,/2E n -(k)2EJk) J 



Qp=±l/2 



(2tt)3 y/2E 7T -(k)2E p (k) J (2vr)3 y /2E n -(Q)2E p {Q) 



E n -(k) + E p (k) - E W -(Q) - E p {Q) 
d 3 P $* ls (P) f d 3 q $ ls (g) 



(2tt)3 ^2E n -(P)2E p (P) J (2tt)3 ^2^- (g)2P p (g) 



Op=±l/2 "=2 



(2vr)3 ^2E n -(k)2E p (k) J (2tt) 3 ^2E n -(Q)2E p {Q) 
(n-(k )p(-k, (7 p )|£ str (0)b(-Q, <x>-(g ))(tt-(P )p(-P, (7 p )|£ str (0)b(-g, ^tt"^ )) 



+ + Pis - (Q) - £ P (Q) - 

d 3 P $* S (P) /• d 3 g $ ls (g) 



(2tt)3 v /2P.-(P)2P p (P) J (2tt)3 ^P.- (g)2P p (g) 



(6.3) 
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where the abbreviation (ds) means the discrete spectrum and V stands for the calculation 
of the principle value of the integral. 

Due to the wave functions of pionic hydrogen the integrands in the r.h.s. of ()6.3|) can 
be taken at the low-energy limit [H]. This yields 

d 3 k d*Q <Z>* ls (k)$ ls (Q) 



(2tt) 3 (2tt) 3 k 2 - Q 2 



Ati 2 1 

4 



1 ,„ 1/2 , 3/2, 2 ^ |V&L(0)^(0)| 2 



n=2 



Since in the momentum representation the wave function of the ground state of pionic 
hydrogen can be taken real, <&\ s (k) = $i s (/c), the integrand of the first term in the r.h.s. 
of (J6.4)) is antisymmetric under the change of variables k < — > Q. Hence, the integral over 
k and Q should vanish. 

Thus, the shift of the energy level of the ground state, caused by the ns — > Is transi- 
tions, is defined by 

" n— 2 Is t-'ns 



Setting ^i s (0) = 1/ y/na B , \l/ ns (0) = 1/ ^7in 3 a B , E ls = —a/2a B and E ns = —a/2a,Bn 2 
we get 

X ( ds ) ^ 4 3 1/2 . 3/2x2 1 2 4 3 . 1/2 3 / 2 . 2 , . 

5e i s =-g" (2a + a ) 2^ —Tp _ 1) =~g a » ( 2a o + a o ) • ( 6 - 6 ) 

n=2 ' 

The contribution of the continuous spectrum of the 7r~p pair, coupled by the attractive 
Coulomb field in the S-wave state, can be determined by 

(cs) 47T 2 1 1/2 3/2n 2 i lTr / n \|2 f°° > 77 \^e(0)\ 2 , _s 

=-^- — ( 2 < + < ) 1*1,(0)1 / dE— -, 6.7 

9 fi 2 J E ls - E 

where the abbreviation (cs) means the continuous spectrum. The wave function ^^f) 
of the ii~p pair, coupled by the attractive Coulomb fields in the S-wave state with a 
continuous energy spectrum, is equal to [TTj |2H] 



where = \/2jiE and E(a,b,z) is a confluent hypergeometric function [T^. The wave 
function ^^(r) is normalized by 

y d 3 x (r)V E {r) = 5{E' — E). (6.9) 

At f = we get [13 123 



,2 



fe(0)|2 " 1 _ e -2wA - (6 - 10) 
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Substituting (|6.10|) into (|6.7|) and changing variables E — > k 2 /2ji we obtain 

<M? = - ? « (2^ /2 + af ) 2 |* ls (0)i 2 f %—7TT- (6.11) 



9 v u u 7 1 Wl 7o fc 2 + «V 1 _ e -27ro;/x/A; 

The integral over is divergent. As has been shown in ^T] it should be regularized by a 
cut-off K = a fx. A divergent part can be removed by a renormalization of the reduced 
mass of the ir~p pair. The regularized contribution of the continuous spectrum to the 
shift of the energy level of the ground state of pionic hydrogen reads 

X ( cs ) 27T fn V2 , 3/2n2| iT , (n s\2 dkk 1 (a io\ 



9 v u u ' 1 v 71 Jo ^ 2 + «V i _ e - 27ra/i/fc ' 

Dropping the contribution of the exponential, which is insignificant in the physical region 
of relative momenta 4 , we get 

= - I oiinl (2af + af f |vf ls (0)| 2 = a 4 fx 3 (2af + af ) 2 . (6.13) 

9 9 

Thus, the total correction o~e ls = + <$e^ to the shift of the energy level of the ground 
state, caused by the ns — > Is transitions and the continuous spectrum of the 7r~p pair 
coupled by the attractive Coulomb field in the S-wave state, is equal to 



Se ls = - 2 ~(l+ l -ln2)a{2al /2 + af ) 2 |vp ls (0)| 2 = 

= -- (1 + i £n2) a V (2af + af ) 2 . (6.14) 
9 V 2 / 

Comparing o~ei s with the DGBT formula we obtain 

= ^ (l + 1 £n2) // (2af + af ) = 0.76 x 1(T 3 = 0.076 %, (6.15) 

1/2 

where we have used the experimental values of the S-wave scattering lengths a and 



a 





3/2 



a, 



t 1/2 

3/2 




;+0.1788± 0.0043) m; 1 , 
;-0.0927± 0.0085) m~\. 



2a /2 + a /2 = (+0.2649 ± 0.0121) m~\. (6.16) 

As has been calculated in JT] the contribution to the shift of the energy level of the 

(2) 

ground state to the second order in strong low-energy interactions e\J relative to the 
DGBT result is equal to 

6 2) = = la 2{a + [a ) = ± ^ lQ _ 3 = ± Q % 

Therefore, a total contribution to the shift of the energy level of the ground state of pionic 
hydrogen caused by strong low-energy interactions makes up (0.187 ± 0.007) %. Hence, 
it does not exceed the experimental accuracy 0.2 % of the new set of experiments by the 
PSI Collaboration [Q. 

4 A maximum value the exponential acquires at the upper limit. Setting k = a/i one gets e — 27rc\!/i/A; _ 
1.87 x 1(T 3 that is less than 0.2%. 
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7 Conclusion 



Within a quantum field theoretic, relativistic covariant and model-independent approach 
we have derived the energy level displacement of the excited ni state of pionic hydrogen 
in terms of the partial-wave scattering lengths of ttN scattering. We have given the 
explicit calculation of the energy level displacements of the excited np states in terms 
of the P-wave scattering lengths of n~p scattering. The shift of the energy level of the 
excited np state is found in analytical agreement with the result obtained by Ericson and 
Weise [9 j . We have shown that the contributions of the energy level displacements of the 
np states to the transitions np — > Is are much less than the experimental accuracy of 
0.2% p. Therefore, they can be neglected for the extraction of the experimental value of 
the energy level displacement of the ground state of pionic hydrogen from the np — > Is 
transitions. 

We have given numerical values only for the energy level displacements of the excited 
np states. These numerical values are needed for the theoretical elaboration of experimen- 
tal data on the np — > Is transitions of pionic hydrogen, used by the PSI Collaboration for 
the measurements of the energy level displacement of the ground state of pionic hydrogen 
PP. Experimentally there are measured only scattering lengths of ttN scattering in the 
P (£ = 1), D (I — 2) and F (£ — 3) wave states [21]. The D- and F-wave scattering 
lengths are by factors of 10 and 100, respectively, smaller compared with the P-wave 
scattering lengths |21j . Hence, the energy level displacements of the excited ni states 
for i > 2 are negligible smaller compared with the energy level displacements of the ex- 
cited np states. It is obvious that for the contemporary level of accuracy of experimental 
technique the energy level displacements of the excited ni states with t > 1 cannot be 
practically measured, and the contributions of them should be neglected for the extraction 
of the experimental value of the energy level displacement of the ground state of pionic 
hydrogen from the ni —>■ Is transitions. 

We have calculated the contribution of the ns — > Is transitions and the continuous 
spectrum of the ir~p pair, coupled by the attractive Coulomb field in the S-wave state, 
to the shift of the energy level of the ground state of pionic hydrogen induced by strong 
low-energy interactions. The numerical value of this contribution relative to the DGBT 
expression makes up 0.076 %. Taking into account the result obtained in [TT] the total 
shift of the energy level of the ground state of pionic hydrogen to the second order of 
perturbation theory in strong low-energy interactions makes up 0.187%. This does not 
exceed the experimental accuracy 0.2% of the new set of experiments on the energy level 
displacement of the ground state of pionic hydrogen by the PSI Collaboration pQ. 

The obtained results confirm that the contributions of QCD isospin-breaking and 
electromagnetic interactions, calculated by Gasser et al. [12] (see also [S]), are the most 
important for the precise extraction of the S-wave scattering lengths of ttN scattering 
from the experimental data on the energy level displacement of the ground state of pionic 
hydrogen. 
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Appendix. Calculation of momentum integral in (15.11) 

In this Appendix we give an explicit calculation of the momentum integral in (|5.1|) . The 
wave function $ np (fc) is defined by (|2.1(J|) . Substituting (|2.1U|) in the momentum integral 
in (j5.1|) we get 

d?k I m n -m p 

k<S>n P {k) 



27r) 3 y E 7T -(k)E p (k) 



X 



drr 2 R nl (r) / dk J ' , k 3 j x {kr) . (A.l) 



vr 3 / 2 7 W 7o V E n -(k)E p (k) 

For the spherical Bessel function ji(kr) we use the expression j2 

, , . d 1 / sin fcr \ . , . 

The integration over we carry out in the limit m p — ■> oo. This yields 



OO / — — /"OO 



, (i 1 d f°° dk cos(kr) 

(A.3) 

where we have used the formula 



T r( \ „/ 1\ 2^ )" p cos(xt)dt 

Due to the appearance of the McDonald function Kx/^im^- r) the integrand of the integral 
over r is localized around r ~ l/m n -. This allows to take the wave function R n \(r) equal 
to 

Substituting (A.3) and (A. 5) in (A.l) we get 

d 3 k I m n -m p 

k<S>n P {k) 



(2tt) 3 V E v -{k)E p {k) 
1 V^^T 2 5 / 4 r 00 , , d (\ ( d 



~ svr n5 /2 a f r(i/4) 

where x = m n -r. Using the relation 

1 / d 



-(^x'^K^x)) = -x- s ' 4 K 5/i (x) (A.7) 
we transform the integral over x to the form 



dxx ^flf^L x -^K 1/A (x)) =- [°° dxx 3 -^-(x-V 4 K 5/4 
&x V X V GtX / Jo 
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3 r dxxV 4 K 5/4 (x) = 3-2-^rQTfy, (A.f 

J 1 



where we have used the formula [2 
Substituting (A. 8) in (A. 6) we get 



d 3 k I m w -m„ , _ In 2 — 1 



(A.9) 



(2»)>V*W*)1W**» ( * ) = V^ <A ' 10) 



Using this result we calculate the energy level displacement of the excited np state of 
pionic hydrogen (see Section 5). 
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